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Abstract 

In this paper, we are concerned with the representation of an important sublinear expectation E'^[-] under 
which framework a new stochastic process G-Levy process has been introduced. We show the existence of a 
weakly compact family of probability measures to give the representation by using two different methods. 
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1. Introduction 

In 2006, [12] introduced the notion of G-Brownian motion and G-expectation by using a nonlinear 
partial differential equation called G-heat equation. Under this fully nonlinear G-expectation which serves 
as a tool to measure risk and model uncertainty, corresponding theory of stochastic calculus is further 
developed, such as a new type of Ito formula, the existence and uniqueness for stochastic differential 
equation driven by G-Brownian motion and martingale representation theorem for G-expectation, etc. (see 
[13], [14], [17]). 

In [6] and [10], it has been proved that a G-expectation admits a representation with respect to a weakly 
compact set of probability measures. Recently, Hu and Peng have introduced in [9] a new stochastic process 
called G-Levy process under a framework of sublinear expectation E*^ which derives from an integro- 
partial differential equation. In this paper, motivated by both two methods established respectively in 
[10] and Section 4.1 of [6], we use both the elementary representation of sublinear expectation and the 
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stochastic control method to find a weakly relatively compact family of probability measures {Pe : 6 G Q} 
which gives the following representation : 

E'^[X] = sup / X{u)dP0{uj), 
eeeJn 

where the state space O in our study is D{[0,oo),R'^). 

This paper is organized as follows : in Section 2, we review some important notions and results of 
sublinear expectations, G-Levy process, capacity and function space related to an upper-expectation. In 
Section 3, we use the elementary representation of sublinear expectation by a family of finitely additive 
linear expectations {Ex : A G A} to find the desired weakly relatively compact family of probability 
measures {Pq : 6 e ©}. A concrete weakly relatively compact family of probability measures is constructed 
through the method of optimal stochastic control in Section 4. In Section 5, we give some elementary 
characterizations of Lip{il). A generalized Kolmogorov-Chentsov's criterion for weak relative compactness 
has also been presented in the Appendix. 



2. Basic settings 

For a given positive integer n, we will denote by {x,y) the scalar product of x,y G M" and by 
= {x, x) 2 the Euclidean norm of x. 

Let n he a, given set and let H he a linear space of real- valued functions defined on O such that for 
each integer n, if Xi,X2,--' G T^, then (f{Xi,X2, - ■ ■ ,Xn) G T-L for each (p G C(,,Lip(K"), where 
C'6,Lip(R") denotes the space of bounded and Lipschitz functions on M". H is usually considered as a 
space of random variables. 

In the following we will present some preliminaries in the theory of sublinear expectation and the 

related G-Levy process. More details of this section can be found in [9]. 

Definition 2.1 A functional E : 'H — >■ R is called a sublinear expectation if it satisfies the following 

properties : for all X,Y G we have 

(a) Monotonicity : if X > Y, then E[X] >E[Y]. 

(h) Constant preserving : E[c] = c,\/cG M. 

(c) Sub-additivity : t[X] - E[F] < E[X - Y]. 

(d) Positive homogeneity : E[AX] = AE[X],VA > 0. 

We call the triple (fJj'HjE) a sublinear expectation space similar to the probability space {Q,T,P). 
Definition 2.2 Let Xi and X2 be two n-dimensional random vectors defined respectively on the sublinear 
expectation spaces (f2i,'Hi,Ei) and (02,^2,^2). They are called identically distributed if 'Ki[ip{Xi)] = 

E2[ip{X2)] for all ip G Cb,Lip{^"), denoted by Xi = X2. 

Definition 2.3 On a sublinear expectation space (0,?{,E), an n-dimensional ra,ndom, vector Y is said to 
be independent of another m-dimensional random vector X, if for each test function ip £ C'b^Lipi^'" xM"), 
we have 

t[ip{X,Y)] =t[t[ip{x,Y)l=x]. 
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2.1. G-Levy process and Sublinear expectation related to G-Levy process 



Definition 2.4 (Levy process) Let X = (Xt)t>o be a d- dimensional cddldg process defined on a sub- 
linear expectation space (^2,?^,E). We say that X is a Levy process if : 

(a) Xo = 0; 

(b ) Independent increments : for each t,s > 0, the increments Xt+s —^t is independent of {Xt^ , Xt^ , Xt^ ) , 
for each n e N and < ti < . . . < tn < t; 

(c) Stationary increments : the distribution of Xt+s — does not depend on t. 

Definition 2.5 (G-Levy process) A d-dimensional process {Xt)t>o on a sublinear expectation space 

(f2, Ti, E) is called a G-Levy process if : 

(a) X satisfies (a)-(c) in Definition. 2.4; 

(b) for each t>Q, there exists a decomposition Xt = Xf + Xf; 

(c) {X^,Xf)t>o is a 2d- dimensional Levy process satisfying 

\\mt[\X^\^]t-^ = 0; t[\Xf\] < Ct for t > 0, (1) 

where C is a constant. 

Remark 1 We know that in classical linear expectation case, assumption (b) of {Xt)t>o obviously holds 
by the Levy-Ito decomposition, where {Xt)t>o and {Xf)t>o represent the continuous part and jump part 
respectively. By assumption (1) on {Xt)t>o and {Xf)t>o, we know that {Xt)t>o is a generalized G- 
Bnmmian motion, and (Xf)t>o is of finite variation. 

Theorem 2.6 Let {Xt)t>o be a d-dimensional G-Levy process with the decomposition Xt = Xt + Xf. 
For each tp G C(,^iip(M"), u(t, x) := K[(p{x + Xi)] is a viscosity solution of the following equation : 

dtu{t,x)-Gx[u{t,x+-)-u{t,x)] =0,u{0,x) = ip{x), 

where [/(•)] nonlocal operator defined by 

Gxlfi-)] ■■= limElf {Xs)]5-' for / e CUr") with /(O) = 0. 

Now we will consider a particular sublinear expectation related to G-Levy process, and throughout 
this paper our study will be worked under such a sublinear expectation. Let O = Do{[0, oo),R'^) denote 
the space of all M''— valued cadlag paths (wt)t>o with ojq = 0, equipped with the distance (introduced in 
[3]) 

dl,{u\co') :=£2-*K(c.^a;,2)Al], 

i=l 

where d° is a metric defined on Do{[0,t],M.'^). Do{[0,t],R'^) is complete and separable under d°, hence is a 
Polish space. i:io([0, oo), M'') is also a Polish space imder the Skorohod topology rfj^. Let denote the 

cr-algebra generated by all open sets. We will consider the canonical process Bt{ui) = uit ior ui £ t> 0. 
We introduce the space of finite dimensional cylinder random variables : for each fixed T > 0, we denote 
fir = {oJ-AT : w e f^} and set 

Lipi^r) := {ip{Bt,AT,Bt^AT,--- ,Bt„AT) : n G N,ti,t2, ■ ■ ■ ,t„ € [0,oo),<^ € G6,z,ip(K'^''")}; 

Lipid) := {cp{Bt„Bt„--- ,BtJ ■.neN,ti,t2,--- ,tn e [0,^),ip G Ci,up(^''''")}. 
It is clear that for t <T, Lip{Qt) C LipiVLx) and Lip{rL) = U5J^iLij,(0„). 
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A sublinear expectation ]£[•] defined on Lip{Q) through the following procedure is a sublinear expec- 
tation related to the G-Levy process : 

Step 1. For each ^ e Lip{Q) with the form ^ = ip{Bt+s — Bt), t,s >0 and if G Cb,Lip{^"')- We define 
E[^] = u{s, 0), where u is a viscosity solution of the following integro-partial differential equation : 

^ = G{u, Du, D%), on {t, x) e [0, T) x R'^ (2) 

with the initial condition u(0,a;) = (p{x), where 

G{u,p,A)= sup {/ {u{t,x + z)-u{t,x))u{dz) + {p,q) + l-tr[AQQ'^]}, 

(u,q,Q)eU >/R<i\{0} ^ 

and U represents Gx ■ 

Step 2. For each ^ G Ljp(l^), there exists a V e Cb^P^^'^'^"') such that i ijiBt^ - Btg^Bt^ - 
Bt^,--- ,Bt^ — Bt^_^) for some t\ < t2 < ■■■ < tm- Then E[^] is defined by Vm via the following 
procedure : 

'^l{xi,...,Xm-l) = E{lp{xi,...,Xm-l,Bt^ - Bt^_J); 
ll)2{xi,...,Xm-2) = E{tpi{xi,...,Xm-2,Bt^_^ -^t^-s)); 



1pm-l{xi) = E{tprn-2{xi,Bt2 - Bt^)); 
i>m = EilPm-liBt,))- 

The related conditional expectation of ^ under flu is defined by 

mnt^] = t[i;iBt„Bt, -Bt,,...,Bt^- Bt^_J\nt^] 

= 1pm-j{Bti ,...,Btj - Bt^_^). 

It can be proved that the canonical process {Bt)t>o is a G-Levy process, and E[-] consistently defines 
a sublinear expectation on Lip{Q). Then for p > 1, the topological completion of _Lip(f7T)(resp. Lip{Q) 

under the Banach norm || • \\p:= E[\ ■ is denoted by LQ{flT) (resp. ^^(ri)). E[-] can be extended 
continuously and uniquely from Lip{ClT) (resp. ijp(O)) into Lq{CIt) (resp. Lq{Q)), and it is still a sub- 
linear expectation on the corresponding completed space. 

2.2. Capacity Associated to an Upper Probability and related functional spaces 

Let f2 be a complete separable metric space equipped with the distance d, 3§{ft) the Borel u-algebra 
of fl and M. the collection of all probability measures on (il,.^(ri)). We denote by L°(f2) the space of 
all ■SS{ft)- measurable real functions and G(,(ri) all bounded continuous functions. For a given subset 

C Ai, we denote 

c{A) := sup P{A), A e ^(O). 
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It is easy to verify that c(-) satisfies the following theorem. 

Theorem 2.7 The set function c(-) is a Choquet capacity, i.e. (see [4], [5]) 

(a) < c{A) < 1, \/Ac n. 

(b) IfAcB, then c{A) < c{B). 

(c) If {An)^^i is a sequence in ^(fi), then c(lj A„) < ^c(A„). 

(d) If {An)^^i is an increasing sequence in :An^A — [jAn, then c{[J An) ~ liriin^oo c{An) ■ 

Definition 2.8 We say that a set A is polar if c{A) = and a property holds "quasi- surely" (q.s.) if it 
holds outside a polar set. In other words, A G ,^(fi) is polar if and only if P{A) = for any P £ . 

By applying the Borel-Cantelli Lemma wo could get immediately the following lemma. 
Lemma 2.9 Let (A„)„gN a sequence of Borel sets such that 

oo 

^C(A„) < 00. 
n=l 

Then lim sup„_j.;^ An is polar. 

The upper expectation (see [11]) of ^ is defined as follows : for each X e such that Ep[X] exists 

for each P e ^, 

E[X] = E'^iX] := sup Ep[X]. 

Pes' 

If for p > 0, we denote 

- CP := {X e L°{n) : E[\X\p] = sup^^g, Ep[\X\p] < oo}; 

- AfP := {X e L°{a) : E[\X\p] = 0}; 

~ M:={X e L'^iQ) ■.X = 0,c- q.s.}. 

It is seen that £p and AfP are linear spaces and A/p = Af, for p > 0. All of the following definitions 
and propositions can be found in [6], and the proofs are omitted here. 

Proposition 2.1 For each p > 1, hP :— CP j M is a Banach space under the norm, \\X\\p := (E[|X|^'])"'^^^ ; 
for each p < 1, hP is a complete metric space under the distance d{X, Y) := E[\X — Y\p]. 
With respect to the distance defined on L^, p > 0, we denote : 

- L,P the completion of Cfc(f7) ; 

- LQ{n) the completion of Ljp(n). 

Definition 2.10 A mapping X on Cl with values in a topological space is said to be quasi- continuous if 

for any e > 0, there exists an open subset O with c(0) < e such that Xlo" is continuous. 

Definition 2.11 We say that X : f2 — >■ M has a quasi- continuous version if there exists a quasi- continuous 

function Y : fl ^M. with X = Y q.s.. 

Proposition 2.2 For each p> 0, 

L,P = {X £L,P : X has a quasi — continuous version, lim E[|X|^/f|x|>n>] = 0}. 

Proposition 2.3 Let {P„}^i C ^ converge weakly to P € Then for each X e Lj, we have 
Epnl^] ~^ Ep[X] as OO. 



3. Representation of the sublinectr expectation related to G-Levy process as an 
upper- Expectation 

Let n = (R'^)[0'°«) denote the space of all M'^-valued functions (wt)t>o and ^{Q) denote the cr-algcbra 
generated by all finite dimensional cylinder sets. The corresponding canonical process Bt{ui) = u>t for 
ui gCI, t>0. The space of Lipschitizian cylinder functions on CIt is denoted by 
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Lipid) := MBt„Bt„--- ,StJ:nGN,h,t2,--- ,tn & [0, oo), e C6,Lip(M'^^")} 

and 

L.piClT) ■■= {ip{Bt,^T, Bt^AT, • • • , Bt^AT) : n e N, ti, t2, • • • , in e [0, oo), G C6,L,p(K''^")}. 

Following the same procedure as the construction of ]E[-], we can also construct a sublinear expectation 
E on (0,Ljp(f2)) such that {Bt{u)))t>o is also a G-Levy process. 

The following lemmas can be found in [10] and [15]. 
Lemma 3.1 Let E 6e a sublinear functional defined on a linear space H, i.e. (c) and (d) of Definition 
2.1 hold for E. Then there exists a family =S = {Ee : G 0} of linear functional defined on H such that 

E[X] := supEelX], for X eU. 

and such that, for each X &'H, there exists a9 € Q such that E[X] = E^lX]. Moreover if E is a sublinear 
functional defined on a linear space H of functions on ft such that (a) of Definition 2.1 holds (resp. (a),(b) 
hold) forE, then (a) also holds (resp. (a),(b) hold) for Eg, 9 €0. 

Lemma 3.2 Let < ti < t2 < ■ ■ ■ < tm < oo and {(pn}^=i C Cb^npiW^^"^) satisfy (pn i 0, then 
E[ipMi,Bt,,- ■■ ,BtJ] iO. 

Lemma 3.3 Let E be a finitely additive linear expectation dominated by E on Lip{Q), then there exists 
a unique probability measure Q on such that E[X] = Eq[X] for each X G Lip{fl). 

Remark 2 This is a direct result of Daniell-Stone's theorem and Kolmogorov's consistent theorem with 
the help of above lemma. 

By Lemma 3.1 and Lemma 3.3, it is easy to get the next result crucial for our following discussions. 
Lemma 3.4 There exists a family of probability measures on (0,^(f2)) such that 

E[X] = max EQ[X],yX G Lip{n). 

We denote the associated capacity to by 

c{A) := sup Q{A), A G =^(0). 

and related upper expectation for each ,^(f])-measurable real function X which makes the following 
definition meaningful, 

E[X] := sup Eq[X]. 

Definition 3.5 Let I be a set of indices, {Xt)t£i and {Yt)t£i be two processes indexed by L Y is said to 
be a quasi-modification of X in for all t € I , Xt = Yt q.s.. 

Definition 3.6 Let s be a positive number. A function y = X{t) is said to have no fewer than m e- 
oscillations on a closed interval [a, b] if there exist points a < to < ti < ■ ■ ■ < tm < b, such that 

-XtJ> e for k = 1,2,- ■■ ,m. 
Remark 3 We know that for a function y = X{t) to be cddldg on a interval [a,b], it is necessary and 

sufficient that for arbitrary e > 0, it has only finitely m,any e-oscillations on [a, b] . 

Theorem 3.7 (Kolmogorov-Chentsov's Criterion) Let (-^t)te[o,i] « stochastic process such that 
for all t G [0, 1], Xt belongs to . If it satisfies the following conditions : 

(i) for any t G [0, 1], there exists a > 0, such that lim^-^t E[|Xs — Xt\°'] = ; 

(ii) for some C,r > 0,p,q > with p + q > 0, and all < s < u < t < 1, it holds that 

E[\Xt - X^nXu - X,|«] < C\t - (3) 
then it admits a cddldg modification. 
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Proof. It follows from condition (i) that, for any e > and t £ [0,T], lim^^t c{\Xs — Xt\ > e) = 0. Now- 
let us take the set J of all dyadic numbers belonging to [0,1], 

J={^;neN,iG{0,l,.--,2"}}. 
It follows from (3) and Chebyshev's inequality that 

\Xt-Xu\P \Xu-XJ\ 



c{{\Xt - Xu\ > ei} f|{|X„ - X,\ > €2}) < E[i 



Let Ak^n denote the event 



C\t-s\^+'- 



(4) 



where 



r - i(7i/p+«!l!LJl - Lo" 



L = (2''/^C)^/P+«, a = 2-''/2(f+«) < 1, 

and 

Bun = Am U a.+i,„ = { |x( A) - x{^) I < .„} U { l^(^) - I < ^4- 

Prom the inequality (4), we have 

ciBU < 2-(i+'-/2)("-i), fc = 1, 2, ■ • ■ 2" - 1, 
where B^^ is the complementary event of Bkn- Let us define 

00 2"^ — 1 CXD 

D„ := fl fl Bfe„ , := U 

m—n k—1 n=l 

with the complementary events 

00 2"^— 1 00 

= U U , i?'^ = n 

m=n k=l n=l 

Then we have 

<Dn) < E E ^ E E 2-(^+'-/^)(--) = 

m=n k=l m=n k=\ 

where [5 = 2"''/^ < 1, by Lemma 2.9 it follows that c{D'^) = 0, i.e. is a polar set. Let us choose a 
sample function X{t) for which the event Ak+i,nC\^n+i occurs. Thanks to the classical Kolmogorov- 
Chentsov's criterion, we can continue to get the result which is essentially in the spirit of Kolmogorov's 
criterion, though its proof is much more difficult. Wc will only outline the proof for the convenience of 
readers. An interested reader may refer to [8, pp. 159-164] for details. Suppose that the event D occurs. 
Then beginning with some no, all the events Z>„ for n > no occur for the sample function of the process. 
For arbitrary e > we can find an n > no such that 2Lq!"/(1 — a)^ < e. On an arbitrary set of the form 



J 



fc-i fc + i 
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there can be no more than a single £-oscillation, which yields that the function X{t) has no more than 
2" e-oscillations on J. Thus outside a polar set, the sample functions of process X{t) have only finitely 
many e-oscillations ; that is, the process X has a cadlag modification. □ 

RemEirk 4 This theorem is a generalized Kolmogorov-Chentsov's criterion for cadlag modification with 

respect to capacity. 

Lemma 3.8 For B = {Bf : t > 0}, there exists a cadlag modification B = {Bt : f > 0} of B {i.e. c{{Bt ^ 
Bt)) = 0, for each t >0) such that Bq = 0. 

Proof. The canonical process (Bt) has a decomposition Bt = B^ + Sf. The part B^ has a continuous 
modification Bf. For the other part Bf, on the basis of (1) in the definition of G-Levy process and Lemma 
3.4, we have that, for all < s < m < t < oo, 

E[\Bt - BtWBt - BiW = E[|Bf - BtWBt - 3% <C^\t- s\\ 

where the constant C is a constant. By Theorem 3.7, there exists a cadlag modification B'^ of B'''. Conse- 
quently, B — {Bt : Bt = Bt + Bf, i > 0} is the desired cadlag modification of B. □ 

The family of probability measures on (fi, ^{Cl) introduces a new family of probability measures 
^1 := {g o : Q e ^e} on (O, £§{n)). 
Lemma 3.9 The family of probability measures ^\ is tight. 

Proof. Since for all < s < m < f < oo, there exists C" > 0, such that 

E[\B^t - Bt\'] = mm - Bt\'] < C'\t - s|^ 

E[\Bf - BiWBi - B^\] = E[\Bf - Bt\\Bt - B^\] < C'\t - s\\ 

Due to the generalized Kolmogorov -Chentsov's criterion for tightness (see Theorem A. 3) combined with 
Corollary A. 2, this implies the wished statement. □ 

By Lemma 3.4 and 3.8, the representation of sublinear expectation related to G-Levy process with 

respect to £Pi is given by the following theorem. 

Theorem 3.10 For each monotonic and sublinear function Gx [/(•)] • R'' i-^ R, where f G C^{R'^) with 
/(O) = 0, let E"^ be the corresponding sublinear expectation on (O, ijp(f])). Then there exists a relatively 
compact family of probability measures on (f2, Z/jj,(0)), such that 

E°\X\ = max Ep[X], VX G Lip{Ct). 



4. Representation of E*^ using the stochastic control method 

In this section we will construct a family of probability measures on n for which the upper expectation 
coincides with the sublinear expectation E*^' on Lip(fl) through a method of optimal stochastic controls 
introduced in [6]. 

Let (n,T,P) be a probability space and {Lt)t>o = {Ll)f^^ a d-dimensional Levy process with finite 
variation in this space. The filtration generated by L is denoted by 

Tt ■■= 0<u<t}VAf, ¥:= { J"t}t>o, 

where J\f is the collection of P-null subsets. We also denote, for a fixed s > 0, 

J-/ := (t{L,+„ - L„0 < u < VA/", := {Ttlt>o- 
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Let 6 = (6'', 9'') = (^'^, 9'') be a given bounded and closed subset in R''^^''. We denote a collection 
of e-valucd processes on an interval \t,T] C [0, oo) by Af j, := {B = {0'',e'^) = {^0'= , 9'') : O'^ is 
9'^-valued F-adapted and 9''' is 9''-valued F-predictable}. For each fixed 9 = {9'^,9'^) G Af rp we denote 

B'/ := j\sd{Ll,Lif, 

where and denote the continuous part and jump part of Lg respectively, hence {B^rf )T>t is a Levy 
stochastic integral. In the following we will prove that, for each n = 1,2,..., any ip e Ch,Lip{^ and 
< ti, . . . , t„ < 00, the E*^ defined in [9] can be equivalently defined by 

E«[<^(Xt,,Xt, -Xt„_J] = sup Ep[^{Bl\Bll'',...,Bl:-'^\ 

If for each given ip e Cb^npiW^), we set v{t,x) := supgg_4e^ Ep[(p{x + -B^^)], then we can get the 
following generalized dynamical programming principle : 
Proposition 4.1 We have 

v{t,x)= sup Ep[v{t + h,x + Bl'^fJ]. (5) 

Proof. This is a result treated analogous to [6], therefore we omit the proof here. □ 

Lemma 4.2 v is bounded by sup It is Lipschitz function in x and holder continuous in t. 

Proof. Obviously we know that 

sup Ep[v{t + h,x + Bl'_^fJ — v{t + h, x)] = v{t, x) — v{t + h,x), 

since v is Lipschitz function in x, the absolute value of left hand is bounded by 

C sup Ep[|B*;^J] <C7i(/i + /i^). 

We get the result. □ 

Theorem 4.3 v is a viscosity solution of the integro-partial differential equation : 

+ G{v, Dv, D^v) = 0, on {t, x) G [0, T) x W^, 
v{T,x) = ip{x), 

where the function G is given in (2). 



(6) 



Proof. Since Xt has a decomposition with Xt = X^+Xf and for each t >0, Lt has the following Levy-Ito 
decomposition (see e.g. [1], [2] or [16]) : 

Lt=L^t+Lf = bt + Wt+ [ xN{t,dx)+ [ xN{t,dx), 

J\x\<l J\x\>l 

where W is a Brownian motion. A'' is an independent Poisson random measure on M+ x (]R''\{0}) with 

~ 1 

levy measure u, and A'' is the compensated Poisson random measure. Then we can write B,^ in the 
following form : 

B*/ = [ ^9%ds+ [ ^''dWs+ [ I 9fxN{ds,dx)+ [ [ 9ixN{ds,dx). 

Jt Jt Jt J|a;|<l Jt J\x\>l 
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Firstly, we will suppose that < oo which means that Lt has finite activity (i.e. it has a finite 

number of jumps in any finite period of time). 

Let and Btf'"^ be the continuous part and the discontinuous part of B^rf defined respectively by 



r-T nT 

Jt Jt 



It Jt 

T T 

B*/''^= [ [ 0fxN{ds,dx)+ [ [ eixN{ds,dx). 

Jt J\x\<l Jt J\x\>l 

Let i) e (^^'^((0, T) X W^) be such that > u and, for a fixed (i, x) e (0, T) x W^, i^it, x) = v{t, x). By 
Ito's formula for Levy-type stochastic integral, it follows that 

i>it + h,x + Bl'^f^)-i,{t,x) 

r^+h f)j, 1 rt+h ^ i-l+h 



^{s, X + Bl'<')ds + -J^ tr['0t^fD^^P]{s, X + B'f_)ds + {Di;{s, x + B'f_), dBl'^''^) 
+ / / [i,{s, x + B'f_ + eiz) - X + B'f_)\ N{ds, dz) 

Jt J\z\>l 
ft+h p 

+ / / X + Bl't + eiz) - X + Bl't)] N{ds, dz) 

Jt J\z\<l 
rt+h p 

+ / / x + Bl'l+ eiz) - X + Bl''_) - {eiz, D^{s, X + B'f_))] dsv{dz) 

Jt J\z\<l 
pt+h pt+h 

4 / hds+ / {Di;{s,x + Bl'^),^ldWs) 
Jt Jt 



t 

t+h p pt+h p pt+h p 

l2N{ds,dz)+ / l2N{ds,dz)- / hdsv{dz). 

\z\>l Jt J\z\<l Jt J\z\<l 

Obviously, we have Ep[jl^'^ {Dxj;{s, x + B^f_),'^ldW,)] = 0. 

The uniformly Lipschitz continuity of + + \tr^fsf D^i^]){s,y) in yields 

Ep\h\ = + m. X^) + ^irpOf X + B'f_)\ 



and 



< Ep + X^) + \tv^e'^^f D'i,]] {t, x) + + h'/% 

pt+h p 

Ep[ / l2N{ds,dz)] 

Jt J\z\>l 
pt+h p 

<Ep[ / {i}{t,x + eiz)-'ij:{t,x) + Ci{h + h}l'^))N{ds,dz)] 

Jt J\z\>l 
pt+h p 

Ep[ / {eiz,Di;{s,x + Bl'^)dsv{dz)] 

Jt J\z\<l 
pt+h p 

<Ep[ / {{6iz,Di,{t,x))+C^{h + h^l^)\eiz\)dsv{dz)]. 

Jt J\z\<l 



l\z\<l 
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(7) 



(8) 



Since Og is a predictable process, then it is independent of N(ds,dz) and N{ds,dz), henceforth we have 

ft+h 



It J\z\<l 

and 



Ep[ / l2Nids,dz)] =0 

Jt J\z\<l 

Ep[ / {^{t,x + 9'^,z)-i){t,x))N{ds,dz)] 

Jt J\z\>l 



t+h 

— tp{t, x))iy{dz)ds. 

t J\z\>i 

Thus, by the assumption on v and the inequalities (7) and (8), we have 

ft+h f pt+h 



Ep[ / l2N{ds, dz)- / hdsv{dz)\ 

Jt "'|z|>l Jt "'|z|<l 

H+h r- r-i + h r- 

< / Ep{tp{t,x + 0'^z)-^p{t,x))ty{dz)ds-Ep[ / {Dtp{t,x),9'^z)p{dz)ds] 

Jt Jr<*\{0} Jt J\z\<l 

pt+h r r yi rt+h 

< / {'ilj{t,x + z')-ip{t,x))F04{d{-))i^{dz)ds + Ep[ {Di){t,x),eih')ds\ 

Jt JR^^ViO} JR'iXIO} " ^ Jt 

+C2{h^ + K"^)) 



h {i;{t,x + z')-i;{t,x))iy'{dz') + Ep[ {DxP{t,x),e'lh')ds\ 

Jv.'^\{o} Jt 

+C2{h^ + h^/% 



where Fgd is the probability distribution function of 9'^, and we denote u'{dz') = /jjd^^o} ^9i^'^i~))^i'^^)-' 

and b' — — I\z\<i ^i^{dz). 

Hence, from the dynamic programming principle (5) it follows that 
= sup Ep[v{t + h,x + Bll^^) - v{t, x)] 

< sup Ep [^{t + h,x + Bl'^f^) - ilj{t, x)] 

< sup Ep + (£>V, 'O^sb + eib')) + UriX'dfD^ij]] [t, x)ds + C^{h^ + h"^) 
+ sup/i / {^{t,x + z')-^{t,x))v\dz')^C2{h} 

<h sup { / (V^(i, x + z)- il>{t, x))u'{dz) + (Z)V(i, x), q) + Jtr[77^£)2V(t, x)]} 



+h^{t, X) + (Ci + C2){h'' + 



11 



Consequently, 



{t,x)+ sup {/ i^{t,x + z)-^it,x)y{dz) + {Di;it,x),q} + ltr[jj'^D^4,{t,x)]} 



> 0. 



By the definition, u is a viscosity subsolution. Now we will prove that this conclusion is also true if we 

remove the condition z/(]R'') < oo. 

Denote 

^Lt = bt + Wt+ / xN{t, dx) + / xN{t, dx) 

and 

where ^ ^ 

egtj),d ^ f f efxN{ds,dx)+ [ [ e'lxN{ds,dx), 

Jt J e<\x\<l Jt J\x\>l 

note that each {^Lt)t>{) is a a compound poisson process, hence is a finite-activity process. 



= sup Ep[v{t + h,x + BI'_^^) - v{t, x)] 



< sup Ep[vit + h,x + ^Bl'^f^) - v{t, x)] + C sup Ep[\ / e'^zN{ds, dz)]] 

< sup Ep[ij:{t + h,x + - i}{t, x)] + C sup / / Ep[\e'^z\]iy{dz)ds 

ft+h Q ; 1 

< sup / Ep[-^ + (DV, ^Olb + 6i%')) + -ir['ef^f £>V]] [t, x)ds + Ciih" + h""^) 

eeAf ,^,^ Jt ds 2 

+ sup / / Ep{^{t,x + 0'^z)-i){t,x))iy{dz)ds + C2{h^ + h^^^) + C3h I \z\p{dz), 

0gA^. . . Jt J\z\>e J\z\<s 



where = \z\i'{dz). Here note that C2 is a finite number for each fixed e. Since /i > is arbitrary 
small, and /ud^jo} < cxo implies that lim£4,o i|j,|<£ = 0. Then we divide both sides of last 

inequality by h, and let firstly h and then s go to zero, we could finally obtain the result. 
Similarly, we can prove that v is also a supersolution. The proof is complete now. □ 

We know that u{t, x) := v{T — t, x), then w is a viscosity solution ~ G{u, Du, D'^u) = 0, with 

initial condition u{Q,x) = ip{x). Prom the uniqueness of the viscosity solution of integro-pde and Theorem 
4.3, wc get the following proposition : 
Proposition 4.4 

E^[^(Xt, ,Xt,-Xt,,... Xt„ - J] = sup Epy{Bl\Bll^\ ^'')] 

= sup epmK'BIi,...,bI:-')], 

where Pg is the law of the process B^''^ , t > 0, for 6 £ A^^. 

Proposition 4.5 The family of probability measures {P0,0 e Af^^} onn = Do([0,cx)),R'') is tight. 

Proof. Since for any s,u,t < s <u <t < 00, there exists C > 0, such that E'^[\X^ - X^\^] < C"|i-sp, 
(see. Proposition 49 of [6]) and 
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¥P[\Xt - Xt\ . \Xt - Xt\] = sup Ep,[\B'i''^''\ . \B^/'''\] 

< C'\t-sf. 

Therefore the statement foUows from Corollary A. 2 and Theorem A. 3. □ 

Example 1 Let (it)t>o be a homogeneous Poisson process with intensity A = 1 denoted by {Nf)t>o, then 

we take especially a collection of ¥ -predictable process Afrp, where S'^ = {0,1} and for each t > 0, 9f 
follows a Bernoulli distribution with success probability p, where p G [A, 1]. If{Xt)t>o is the 1- dimensional 
G -Poisson process [10] defined by the following equation : 

dtu{t, x) — Gx{u{t, a; + 1) — u{t, x)) = 0, u{0, x) = ip{x), 

where Gx{a) = a"*" — Aa~, A e [0, 1]. It is easy to check that, for each n e N, any ip e Cb^LipO^'^^") and 
< ti, . . . ,t„ < 00, 

E«[v;(X,,,X,, -X,,,...X,„-X,„_J]= sup Ep[^{f eidN,, r OtdN,,..., f^'^idN,)]. 

Qdg^e^ Jti Jt2 Jt„ 



5. Characterization of Lip{H) 

In [6], we know that if ilx = Co([0. T], M'') for T > 0, (resp. = Co([0, oo),W^)), then for t < T, 

Lipiflt) C Upi^r) C Cbiflr) {resp. Lip{n) c Cb(l^)), 

and that an element Y of the space Lq{Q) is a quasi-continuous function Y = Y{uj) defined on Q. Lq{Q) 
is also proved to be identified with the space Jf^ that introduced in [7] . 

But if = r'o([0, T]), R''), this relationship of inclusion between Lip{VlT) and Cb{^T) is no longer 
true. In fact, for any fixed t € [0,T], the variable Bt{uj) = uit (or uj{t)) on (fi,^(ri)) 

Bfi n 1-^ m 

is continuous in u if and only if co is continuous at t (see Section 12 of [3]), thus ^^^(Ot) does not belong 

to CbiflT). 

Proposition 5.1 Let = -Do([0,T],R) be equipped with the the Skorohod metric dg, then Bt is either 
upper semi-continuous (in short, u.s.c.) or lower semi-continuous (in short, l.s.c.) at each point co G CIt- 

Proof. For any ojo G Ot, Wo is either u.s.c. or l.s.c. at each fixed t e [0,r]. Without loss of generality , 
we will only consider the u.s.c. case. Then for any e > 0, there exists (5 > 0, such that for any s G [0,T] 
satisfying that |s — t| < 5, we have cJo(s) < iOo{t) + e/2. Now we can choose rj = min(e/2, S) > 0, for any 
a; such that ds{uj,LOo) < rj, there exists some A which is a strictly increasing, continuous mapping from 
[0,T] onto itself with AO = and AT = T, then we have supj |w(t) — Wo{\{t))\ < r], and supj \X{t) —t\ < r]. 
Hence we get 

co(t) - uJo{t) = uj{t) - uJo{X{t)) + Wo(A(t)) - uJo{t) <r) + s/2<e. 
Thus the proof is complete. □ 

Proposition 5.2 For each X G LipiU) and e > Q, there exists Y G Cb(n) such that ¥P]\X — F|] < e. 
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Proof. Without loss of generality, we suppose that fl = Z)o([0, oo),K). Let each X e Ljp(O) be with 

the form X = ip{Bt^,Bt^, ■ ■ ■ Bt^), where ip £ C;,,Lip(R'") and Q < ti < t2 < ■ ■ ■ < tm < oo. For each 

i = 1,2, - ■ ■ , m, let h\{oj) = n ' " Bs{uj)ds, then /i^ is continuous in the Skorohod topology (see [3]). In 
fact, if Wfc — )■ w in the Skorohod topology, then LJk{s) — )■ w(s) for continuity points s and hence for points 
s outside a sot of Lcbcsgue measure ; since cuk arc uniformly bounded, we have lim/j — )• 
By the right continuity of u), -Btj(w) as n — >■ oo. Then it follows that 

m 

E'^MBt^Bt,,. ■ . BtJ - ^{hl hi--- < J2 f^^'^WBu - hi\] 

i=l 

= -n / B,ds\] 

i=i ■'ti 

= ^ME«[|n/ {Bt, - B,)ds\] 
i=i 



<^/in/ " E''[\Bt,-B,\]ds 

i=l 

<^Hn " C{\ti- s\^'^ + \ti- s\)ds 



i=l 

where /i is the Lipschitz constant of Hence for each positive e, we can choose some no > and set 

Y = <pK^,hl^,- - - ft™ ) such that E%X - Y\] <e.U 

Remark 5 This proposition implies that Lip{n) C Lj, hence L^{^) Q l^l- 

As shown in previous sections, wc use two different methods to prove that E*^ is an upper expectation 
associated to a weakly relatively compact family and now denote by ^ = the closure of J^i 
under the topology of weak convergence, then ^ is weakly compact. For each X e L^{Cl) such that 
Ep[X] exists for each P e we set 

E^[X] = sup Ep[X] 

and 

E^i[X] = sup Ep[X]. 

Proposition 5.2 together with Proposition 2.3 yields the following theorem. 
Theorem 5.1 For each X e L}.{n), we have E^[X] = E^[X] = E^^[X]. 
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Appendix A 

Lemma A.l (See [3]) Let {P„} be a sequence of probability measures on a measurable space (£>o([0, R), T^) 
(resp. (DoliO, cx)),M),2?oo)/'> then {Pn} is tight if and only if these two conditions hold: 
(i) For each t in a set T dense in [0,T] and contains T (resp. dense in [0,oo)j, 

lim limsupP„[a; : > a] = 0. 
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(ii) For each positive s (resp. for each positive e and T), 

' lim limsupP„[w : V^{u^,S)\ > e] = 0. 

<5^0 „ 

) lim liinsupP„[w : > £] = 0. 

lim limsupP„[a; : \^t- — wt-5| > £] = 0. 
k '5-)-0 „ 

inhere V^{uj,8) = supj,<„<(^ t-s<s{\'^u — (^sl A \oJt — the supremum extending over all triples s,u,t 
in [0,T] satisfying the constraints. 

Corollary A. 2 Let X and Y be two cadlag stochastic processes. Assume that the distributions of X and 
Y respectively under the probability measures {Pn,n € N) denoted respectively by [Pn{X G ■),n £ N) and 
{Pn{Y e-),neN) are both tight, then {Pn{X + Y e ■),n eN) is tight. 

Proof. Apply the triangle inequality in order to check the conditions in the preceding lemma. □ 
Theorem A. 3 (Kolmogorov-Chentsov's criterion for weak relative compactness) Let ^ be any subset of 
the collection of all probability measures on Do{[0,T],M.) and E the upper expectation related to If the 

following conditions are satisfied: 

(i) 3a > 0, such that E[|wt - < C\t - s\'', \/t,s G [0,T]; 

(ii) E[\oJt — — < C\t — s|^+'", for some C,r > 0,p, q>0 with p + q> 0, and allO < s < u< 
t <T, then ^ is relatively compact. 

Proof. Let {Pn} be any sequence in We check the conditions of the previous lemma. Obviously, condi- 
tion (i) implies E[\u;s\] < €6" and E[\iOT- -ojt-sW < ^6". By condition (ii), V?? > 0, a € (0, )> ^JT > 
0, for every n, we have 

P„[|wt-w„| > K\t- s\",\uju-ujs\ >K\t-s\", yO<s<u<t<T]] <r], 

This obviously implies limsup„ P„[V^'(w, (5) > e] < r? with S = |-^|^^"- Hence by Lemma A.l, we get the 
conclusion. □ 
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